It is argued that models based on the interaural group delay of the original stimuli will not describe the observed resultS, although low-frequency phase delay is qualitatively consistent with the observed lateralization phenomena.
INTRODUCTION
A number of years ago, Halter and Ricard (1973) and Hafter et al. (1980) first described an interesting and unexpected phenomenon concerning the lateral position of diotic bandpass noise that is subsequently multiplied by a dichotic pair of periodic rectangular gating functions. They found that when the gating functions were presented with an interaural time delay (ITD), the gated-noise stimuli would be strongly perceived toward the ear receiving the signal with the gating function that was lagging in time, for many combinations of stimulus parameters. These results were surprising because one of the classic tenets of binaural hearing has been that sounds presented with ITDs are perceived toward the ear receiving the signal that is leading in time. In a more detailed presentation of these phenomena that appears as a companion paper in this issue of the journal, Hafter and Shelton ( 1991 ) describe several additional properties of the perception of the gated-noise stimuli: (1) The period of the gating function has virtually no effect on the subjective laterality of the stimuli; (2) the subjective laterality of the gatednoise stimuli is unaffected by changing the duration of the gating pulses and the center frequency of the bandpass filter (also referred to as the carrier frequency), provided that the product of these two quantities is held constant; and (3) the perceived lateralization of the stimuli is dominated by stimulus components below approximately 1500 Hz, even when all components of the bandpass noise are much higher in frequency.
Hafter and Shelton ( 1991 ) also describe predictions of a simple ad hoc model that uses a quantity closely related to the centroid of the cross-correlation function of the gatednoise stimuli to predict their subjective lateral position. The model uses cross-correlation functions that Halter and Shelton approximate empirically using simulation techniques, and it describes the data quite well. When originally presented, this model had previously been criticized by Henning (1983) , who believed that the binaural system was unable to make use of group-delay information at low frequencies, but subsequent experiments by Bernstein and Trahiotis (1985) demonstrated that these cues can in fact be used (at least to some extent) to lateralize sound.
In order to understand the mechanism that is likely to mediate these counterintuitive phenomena, an analytical expression for the cross-correlation function of the gatednoise stimuli is developed, which is expressed as the product of the autocorrelation function of the bandpass noise and the cross-correlation function of the gating functions. The lateralization data of Hafter and Shelton are then discussed in terms of theoretical predictions produced by three types of binaural processing: models based on the cross-correlation function of the entire stimuli to the two ears (including that of Hafter and Shelton, 1991 ) , models based on the interaural group delay and interaural phase delay of the stimuli, and an extended implementation of the position-variable model (Stem and Colbum, 1978) . It is argued that of the three types of processing mechanisms considered, the extended position-variable model provides the best description of the lateralization data, including the unexpected reversals in lateralization and the dominant role played by low-frequency stimulus components.
The analytical expression for the gated-noise stimuli is developed in Sec. I, and it is shown that these expressions describe the empirically derived cross-correlation functions measured by Halter and Shelton. It is shown in Sec. II that the dependence of perceived lateral position on the period of the gating pulses, and the joint dependence of lateralization on the center frequency of the noise and the duration of the pulses, are predicted by virtually all cross-correlation-based models, including the model of Hafter and Shelton ( 1991 ). In Sec. III the predictions of models based on the interaural group delay and phase delay of the stimuli are considered, and it is argued that group delay of the stimulus per se is unlikely to mediate the observed reversals in laterality. Finally, the predictions of the extended position-variable model are compared to the data in Sec. IV, and this model is compared to the original model proposed by Hafter and Shelton (1991).
I. CROSS-CORRELATION FUNCTIONS FOR RECTANGULARLY MODULATED NOISE
In this section we derive the cross-correlation functions for the rectangularly modulated noise stimuli used in the experiments of Halter and Shelton ( 1991 ) . The signals to the two ears, x L (t) and x R (t), are generated by multiplying a bandpass noise process n (t) by each of two periodic gating functions, gL (t) and gR (t), as shown in Fig. 1 . The bandpass noise n(t) is assumed to be created by passing a white Gaussian noise process w(t) through an ideal bandpass filter. [The stimuli used in the experiments of Hafter and Shelton ( 1991 ) are actually generated by realizable filters with upper and lower skirts of 24 dB per octave. 
In the experiments of Halter and Shelton { 1991 ), the bandwidth Wis fixed at 1000 Hz, and the center frequeneyfc was varied as a parameter.
The periodic rectangular modulating (or gating) functions used by Hafter and Shelton (1991) are characterized by three parameters: modulation delay (which we represent by the symbol TM ), pulse duration (To), and gating-pulse period (Tp). In the experiments of Halter and Shelton ( 1991 ), TM is fixed at 37.5/zs, Tois either 100, 200, or 400 /zs, and Tp is either 1, 2, or 4 ms (but most commonly 2 ms). These gating functions can be modeled by the periodic stationary random processes O<t<T D + O, 
Because the gating functions g• (t) and gs (t) are statistically independent of the bandpass noise process n (t), the crosscorrelation function of the stimulus factors into the product ofthe autocorrelation function of the bandpass noise and the cross-correlation function of the two rectangular gating functions:
Rx (r) = E [x• (t)xn (t --r) ] = E [n(t)g•(t)n(t-r)g s (t-r)] = E [n(t)n(t--r)]E [gL(t)g n (t--r)]
= R, (r)Rg (r),
with the expectation in the latter case taken over the random parameter 8.
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The function R e (r) is sketched in Fig. 2 pulse duration To is only through the product of these two quantities. Figure 5 shows the cross-correlation function of the stimuli using a value of 2 ms for Tv, 50/.rs for Ts•, and several While Eq. (10) provides a good description of most of the observed data, it does have two major shortcomings, which are acknowledged by Hafter and Shelton. First, the model is based on the cross correlation of the entire stimulus.
The overwhelming body of accumulated physiological and psychophysical evidence indicates that sounds are processed by parallel channels of the peripheral auditory system, with the signals undergoing bandpass filtering and nonlinear rectification in each channel. We believe that it is especially appropriate to discuss the data in terms of models that specifically include frequency analysis, because Hafter and Shelton demonstrate that the phenomena themselves appear to be mediated by a low-frequency mechanism. Second, the arbitrary nature of the processing implied by this model is unsatisfying. In fact, Eq. (10) 
III. LATERALIZATION BASED ON INFORMATION IN THE CROSS-SPECTRAL DENSITY FUNCTION
We now consider the extent to which the lateralization of the gated-noise stimuli can be accounted for by the form of the interaural group delay and interaural phase delay of the stimuli. Both of these attributes have been implicated in the lateralization of complex binaural stimuli: the interaural phase delay is the dominant lateralization cue at low frequencies, and the lateralization of high-frequency stimuli with low-frequency envelopes appears to depend on the interaural group delay of these stimuli. (See Henning, 1980, for a particularly elegant presentation of this hypothesis.)
Interaural differences in group delay and phase delay can be derived from the cross-spectral density function Sx (f), which is the Fourier transform ofRx (r). We show in the Appendix that the cross-spectral density function for the stimuli used in the experiment of Hafter and Shelton can be 
6(c) and (d). [The cross-correlation functions for these stimulus conditions are shown in Fig. 5(b) and (f). ] With a value of T o equal to 400/is, a stimulus withfc equal to 2000
Hz is lateralized toward the "incorrect" side of the head (i.e., the side with the ear receiving the signal with the gating function that is lagging in time), while a stimulus with f• equal to 3000 Hz is heard toward the opposite or "correct" side of the head. The curves shown in Fig. 6 are typical of those that are observed for stimulus parameters producing expected and anomalous lateralizations.
It can be seen from Fig. 6 that the actual magnitude and phase functions of the cross-spectral density function for these unusual stimuli consist of a series of "steps" that are approximately constant over successive ranges of 500 Hz, as is indicated by Eq. ( 11 ). At low frequencies, the interaural phase function for the 3000-Hz stimulus that is lateralized on the "correct" side of the head is negative, while the interaural phase function for the 2000-Hz stimulus that produces "anomalous" lateralizations exhibits a positive phase shift for low frequencies (i.e., a lead in phase). The "steps" of each of these two phase functions tend to become more negative as frequency increases.
We believe that the experimental data and the form of the interaural phase spectra argue strongly against the hypothesis that the counterintuitive reversals in the lateralization data of Hafter and Shelton are mediated by a lateralization mechanism that makes direct use of interaural group delay of the stimuli themselves. Since the interaural phase spectra are flat for most frequencies, the group delay of the stimuli, which is the derivative with respect to frequency of the interaural phase spectrum, would also be zero for most frequencies, for all stimulus configurations. It would probably be more reasonable to consider the overall trend of the group delay as a function of frequency, but again it can be seen that (except for one step at 1000 Hz for the 3000-Hz stimulus) the slope of the interaural phase difference is generally negative for both values off•. Hence, any model that is based directly on the interaural differences in group delay of the stimuli used in the experiments of Hafter and Shelton Predictions of the subjective lateral position of a stimulus are obtained by computing the center of mass along the internal-delay axis of the response of the coincidence-counting units, as described in detail in Stern and Colburn (1978). Predictions for "objective" discrimination and detection experiments can also be obtained by assuming that judgments are based on the subjective position of the stimuli, and that performance is limited by the intrinsic variability of the auditory-nerve response to the sounds (Stern, 1976; Stern and Colburn, 1985) .
While the position-variable model was originally developed to describe the laterality of stimuli at 500 Hz, we have recently extended the model to describe the perception of higher-frequency stimuli as well (Shear, 1987; Stern et al., 1988) . The revisions to the model that enable us to describe data at higher frequencies will be presented and discussed in detail in a future paper (Stern and Shear, 1992). In brief, they consist of the following.
(i) The exponential rectifier was replaced by a halfwave cube-law rectifier. This was done to obtain a more accurate representation of the response of the model to noise stimuli.
(ii) The single-pole low-pass filter used by Colburn (1973) was replaced by a low-pass filter with a transfer function that has a steeper high-frequency slope, suggested by the physiologial measurements of Johnson (1980) . This lowpass filter limits the model's ability to develop a synchronous response to the fine structure of high-frequency stimuli.
(iii) The nonlinear rectifier and the low-pass filter were interchanged, so that the auditory-nerve model consists of (in part) the cascade of a bandpass filter followed by a nonlinear rectifier and a low-pass filter. This reordering of the elements of the auditory-nerve model enables the model to synchronize to the low-frequency envelopes of high-frequency stimuli.
( in the data and predictions. Since predictions are obtained in terms of laterality estimates (which are both positive and negative) while data are described in terms of percentage "correct" responses (which vary from 0%-100% ), the predictions were renormalized by a linear transformation that maps a predicted position of zero (i.e., the center of the head) to correspond to 50% correct discrimination performance, and vertically normalizes the data to best describe the observed data (while restricting the predictions to lie between 0% and 100% correct). The predictions describe the data quite well for center frequencies up to about 5000 Hz. Although they are not provided here, predictions for other combinations of stimulus parameters describe the data equally well, primarily for the reasons discussed in Sec. II. Internal Delay (ms) (b) Center Frequency 3000 Hz gated-noisc stimuli are likely to be represented by the binaural system. Figure 9 shows the product L(r, fc)p(r[fc) , which represents the relative response of an ensemble of binaural fiber pairs to the gated-noise stimuli with T D equal to 400/•s, Ts• equal to 50/is, Tp equal to 2 ms, [Vequal to 1000 Hz, a stimulus level of 70 dB SPL, and two values offo 2000 and 3000 Hz. These combinations of stimulus parameters were chosen because they illustrate center frequencies that produce normal and counterintuitive subjective lateral positions, respectively, and because they were included in other examples in Figs. 5-8 . The horizontal axis indicates the "characteristic" internal delay parameter of binaural fiber pairs, as described in Colburn ( 1973 Colburn ( , 1977 We obtained an analytical characterization of the crosscorrelation functions of these stimuli, and found that these functions could be expressed as the product of the crosscorrelation function of the bandpass noise and the crosscorrelation function of the gating functions. Like the experimental lateralization data, the shapes of these cross-correlation functions are largely independent of the period of the gating function. The shapes of the cross-correlation functions are also independent of the center frequency of the bandpass filter and the duration of the gating pulses, provided that the product of these two quantities is held fixed. Hence, any model that bases lateralization predictions on the shapes of these cross-correlation functions of the stimuli should produce latcralization predictions that describe these trends of the data.
As Hafter and Shelton report, accurate lateralization predictions cannot be directly obtained from the centroid of the cross-correlation function of the stimuli because of the destabilizing effects of the negative modes of the cross-correlation functions. The position-variable model, on the other hand, bases its lateralization predictions on the centroid of the cross-correlation function of the stimuli after undergoing the type of bandpass filtering and nonlinear rectification believed to take place in the auditory periphery. These predictions provide an excellent description of the latcralization data, including the observed reversals and the dominant role played by low-frequency stimulus components. We also obtained analytical expressions for the cross-spectral-density functions of the stimuli. On the basis of the forms of these functions, we argue that models based on the interaural group delay of the stimuli per se are not likely to be able to describe the anomalous reversals in the data, although phase delay may be a more useful cue. Considering all of the possible mechanisms that mediate the counterintuitive reversals described by Hafter and Shelton, we believe that the type of binaural processing assumed by the position-variable model, and specifically consideration of the auditory system's "internal cross-correlation function" rather than the cross-correlation function of the entire stimuli to the two ears, not only provides more accurate quantitative lateralization predictions, but also does so in a more natural and intuitive fashion.
